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Z decay into two massless gauge bosons in a magnetic field
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An investigation of the processe&—gg and Z— yv in a background magnetic field is presented. For
homogeneous fields corrections to the charged fermion propagator can be calculated in leading orders of the
magnetic field. This work examines the first order contributions of the corrected propagator to decays that are
otherwise zero. Results of the decay rates for varying field strengths are included.
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[. INTRODUCTION ons. The results of this calculation are presented and con-
trasted with results from the similar decay into two photons.
The interaction of matter with magnetic fields has long
been studied for the important consequences it has for par- Il. OVERVIEW OF SCHWINGER’S RESULT
ticle dynamics. Whether it is from the astrophysical implica- i , . )
tion of a magnetic field on the structure of a neutron star or. S¢Winger's method uses an integration over a proper-

to the Zeeman shift of energy levels within an atom, thet|me variable to solve for the Green’s function of the inho-

presence of an external magnetic field can open the door {grogenous differential eq“"?‘“"” for a_Dirac field in the pres-
interesting effects not previously seen. ence of the electromagnetic gauge fiélg:

The effect of a homogeneous background field on the (10— eQA—mM)G(x,x') = 8*(x—x"). 1)
charged fermion propagator in QED was first studied by
Schwingel1]. Schwinger’s proper-time method provides the G(x,x’) is considered the matrix element of an operasor
machinery for an exact solution to the altered propagatorsuch thatG(x,x") =(x|G|x"). Therefore Eq(1) is written as
Recently, a weak field expansion of this method has beean operator equation with its indices suppressed:
applied to demonstrate that there exists enhancements to
neutrino-photon interactions that involve charged fermion (M-m)G=1, 2
loops[2—4]. The goal of this paper is to present what effects
a magnetic field has on the decays of hevhich are other-
wise forbidden.

The Landau-Yang theorem uses Bose symmetry and rota- G= 1 _ +m
tional invariance arguments to prove that a vector particle NM-m WP=—m?
cannot decay into two massless vector partite§|. That is,
the decayZ — yy andZ—gg are not allowed. However we %
can employ the field expansion of Schwinger's method to =—if ds(I+m)exd i (11°—m?)s]. )
calculate if and to what degree the magnetic field stimulates 0
the decay.

We expand just to first order in the magnetic fi@dThis
turns out to be a very good approximation considering tha
the relevant expansion parameter @e/B/m?, wherem is ,=p,—eQA, (4)
the mass of the fermion ar@e is its charge. For the lightest R '
of the possible fermions, the electron, the critical field turnsrhis generalized momentum operator is characterized by the
out to be of the ordeB,=mZ/e~4.4x 10° T. This field is a following commutation properties:
great deal larger than those magnetic fields produced by very

or

s is the proper-time variable, and,, is a generalized mo-
[nentum operator defined by

dense white dwarfs, and near the neutron star magnetic field [11,.x,]1=i9 4, (58
intensity. The calculation is complete to first order, but be-

cause of this expansion parameter it is shown that the domi- [I1,.I1,]=—ieQF,,, (5b)
nant contributions are from the lightest quarksd) for Z

—gg and from the electron in the— y+y case. whereF ,, is the electromagnetic field-strength tensor.

First we briefly introduce the reader to the methodology The quantity exfill?s] is regarded as an operator that
used in determining the changes in the fermion propagatoevolves the system in accordance with the “Hamiltonian”
Next, the result of that technique is presented. This result ig{=—I1°. That is, the matrix element of the operatd(s)
then applied to the decay mode of tAénvolving two glu-  =exfil1%s] is the time development function that takes the

statex#(O)le’L to the statex,(s)=x,,:

*Electronic address:ttinsley@physics.utexas.edu (X|U(s)|x")=(x(s)[x(0)). (6)
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This view of the transformation as an evolution of the k1 k1
state governed by a Hamiltonian parallels the idea that the
fermion moves from one space-time location to another in a]C k
way that is determined by this Hamiltonian. Accordingly, ko ko

there exist “equations of motion” satisfied by the general- o _
ized position and momentum operators, FIG. 1. The contributions to the decay of tAavith momentum
k into two gluons with moment&,; andk,.

dx

M .
—=—i[x,,H]=2I1,, 7 : P
ds X ] " (73 By making use of the fact that the magnetic field is homo-
- geneous, the result in E¢L3) was cast into covariant nota-
. Y tion.
dSM:—l[HM,H]ZZQeFMH : (7b)
The relationship in Eq(7b) only holds wherF ,, is a con- lIl. APPLICATION TO  Z—gg

stant. This is precisely the case with which we are concerned. ) ) ) )
For calculation purposes the magnetic field is considered to At this point the general results from the previous section
be constant and directed along thexis (F;,= —F,;=B, are used to calculate the decay rate of the ne@rabson
andF;;=0 for i,j#1,2). In addition there are three differ- into two gluons. To lowest order in the perturbation theory

ential equations that describe the transformation function: there are two Feynman diagrams which contribute to this
process; see Fig. 1. Let us first turn our attention to the left-

i d5(X(s)[x(0))y=(x(s)|H|x(0)), (8@  most contribution of Fig. 1.

The T matrix for the first of our diagrams is written as
(id,+eQA,)(x(s)[x(0))=(x(s)|I1,(s)[x(0)), (8b)

—id, 0))= I1,(0)|x(0)), 8 32

(710 eQANADEN = (DTN %9 Ta=2 7T6’018'\/i—tr()\a)\b)fd“Xf d“'yf d*z

and a boundary condition T &b COSHysinbyy
(X(9)[X(0))[s0=8"(x=x"). ©) Xt y*G'(x,y)y"G'(Y,2) " (9y—9ar*)G'(zX)]

X er e *b s _ _ )
Using Egs.(7)—(9) one can solve for the explicit form of €u (K1) €, (ko) ep(K)exr —i(kz=kix—kzy)]
the Green’s function. For the purposes of this article, only (14)
the result will be given[10] Choosing a straight line to

connect the space-time poiltandx’, the Green’s function o _ )
is The sum over indicates the sum over all possible fermions

that contribute to this loop diagram. The sums caemndb
d*p ‘ , indicate the sums over the possible states of the gluons.
4e"p(x‘x )G(p), (10) However, one of these sums is eliminated by virtue of the
(27) trace over the two S(3) generators t(2\")=26%". From
this point the summation over color will be represented by
the repeated color index The couplinggy,, andgj, are the
vector and axial vector couplings, respectively; both are de-
, (11 pendent on the particular fermion that couples to Zhieo-
son. ag is the strong coupling constant evaluatedvit.
and Because there is the combination of the three Green'’s
functions in Eq.(14), there exists a product of three phases
% of the same form as in Eq11). As indicated previously, the
g(p)=—iJ dsex;{—is integration from two space-time points is along a straight
0 line. A convenient choice of gauge for this integration is one

G(x,x’)=<1>(x,x’)J
with

d)(x,x’)zexr{ —ile:,df"A,L(ﬁ)

taneQBs 2)
eQBs bl

2 2

in which
X eieQBST3 (m+ p”) _ pJ— ) (12)
cogeQBS cof(eQBy
B
The quantityp{ indicatespj—p3, while p? =p?+p3. Simi- A(é) =5 (022~ &2,61-21,0). (15

larly, p;= yoPo— vaP3 andp, = y1p1+ y,p,. By expanding
Eqg. (12) to first order in the magnetic field the integration

simplifies, and our result is Generally, the zeroth and third component#\gfcan be any

. @ B+ constant, but the above is chosen for its simplicity. With the
~(h—m) 1= ﬂ,: Lp”m) 13 choice of gauge found in Eq15) the total phase factor of
G(p)~(p—m) gy (13 ( uge f
2 ( ) the diagram is written
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ie
@(x,y)d)(y,z)d)(z,x)=ex;{TQ(z—y)“FW(z—x)” TAphoc<i,i”eip’(yz)eip"(zx) tr[ y*(p—m) L
ap,, Ip,
i X YV — —1.,0(n _ i 5 "_ _1. 21
%H?(Z_y)ﬂwz_x)v_ Y —m) " y(gy—gay)) (" —m) 1. (21)
(16)

By making use of integration by parts and the identity
The fact that the magnetic field is constant and alongzthe
axis has been exploited. When the first order corrections to
the Green'’s function found in Eqél3) and (16) are substi- P aC(X)
tuted into Eq.(14), the result is thought of as the sum of five —C Y(x)=—-C"{x)—=C (%),
separate contributions: X 2

Ta= Tao® Tapra Taprz Tapra® Taph- @ the first order contribution of the correction to the phase to
There is the zeroth order contribution to the diagréigy ~ the amplitude is

which is completely independent of the magnetic field. There

is a first order correction to each of the legs of the fermion

l00p Tapr1, Taprzs @Nd T ap3. And lastly, there is a first order —in¥% Faﬁas\/z
correction to the overall phase of the diagragy,. Because =~ Mpp,=

Ei ; Qe (ky)eh (ko) €, (k)

the invariant amplitude of a given diagram( is defined COSBwSIN by
through the relationshipl = (2m)*M6*(k—k,—ky), it is 4
straightforward to show that the zeroth order contribution Xf P tr y*(p—m) "Ly (p+ky—m)
from the first diagram is (2m)*
P(p+Ko—m) "1y (gy—gar*) (P~ ks—m)
2720 \[a XyP(p+k; Y7 (Qv—0aY 1
— *a *a
Mao= Costosings 2 2 €u (ke (ko) e, (k) X (P Ky ) 1], 22
4
_ -1 v _ -1
f (27.,)4”[ YA —m) Ty (Pt ke —m) We follow the same procedure for the second diagram of
) ) Fig. 1 as we did for the first. The results obtained are similar
Xy (gy =gy (p—ky—m) 7. (18 to those found in Eqs(18), (19), and (22) with only the

i i labels (1,2) interchanged.
For the first order correction to one of the legs of the loop,

the contribution to the amplitude is
IV. THE DECAY RATE

—im% Faﬁas\/; va v
Mapn cosbysin by Z ; Qe (ke (ko) es(k) The sum of the zeroth order contributions from the two
. . B diagrams vanishes. This is consistent with the fact that the
Xf d’p il Y (p+m PP+ ky—m) 1 processZ—gg is forbidden by the Landau-Yang theorem in
(2m)* (p?—m?)? 2 the absence of a magnetic fidlf,6]. The use of the charge

conjugation operator simplifies the contributions that are first
order in the magnetic field. We find that the axial vector parts
of the two diagrams cancel while the vector parts are identi-
cal and add. Tracing over the Dirac indices and integrating
The corrections to the remaining legs of the fermion loop aredver the loop momentum results in an amplitude that is pro-
similar to Eq.(19). However, for the contribution due to the portional to forty-four separate tensor structures formed by
phase it is necessary we recognize that possible contractions of the polarization vectors, the field-
strength tensor, and the gluon momenta. Since the amplitude
is symmetric under interchange of the labels (1,2), we find
that the tensor structures can be grouped into twenty-two

Xy"(p'—m) " 1y(gl,—ghy?)(p"—m)~1], (200 pairs, each pair having its own unitless coefficient which

depends on the possible fermion masses, charges, and cou-

where p’ is the momentum carried by the fermion as it plings in the charge loop. Limiting the gluons to be only
moves from point to pointy, andp” is its momentum from transversely polarized allows us to drop all terms propor-
pointx to z. The relationship in Eq20) is rewritten in terms  tional to (¢ ®-k;). This cuts the number of tensor structures
of derivatives with respect to the fermion momenta, in half to eleven. Thus, the amplitude is written as

X y7(gy—ghy®) (p—ky—m) 1. (19)

Taph® (z—Y)M(z—x) e P "D~ P @y yr(p—m) 2
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eas\/;

Mz o=
2799\ 32,/ M sin 6,,cosyy

{N1(€-(k1—k))(€1?F &5 (LM +Ny[ (€52 €)(€32Fky) + (€5 €) (€} 2Fky)]

X(LM2)+ Nl (€52 €)(€5 *Fky) + (€5 €)(€f *Fky) [(IM ) + Ny(€5 - €5 ) (eF (Ky+ky) /(1M )

+Ns( €2 €% (e (ks — ko)) (ks F ko) (1M )%+ No( €} 2 ko) (€ -ky) (e- (ks — o)) (KyFko) (1M 2)°

N (€52 €) (€% ka)— (€5 €) (€ ko) [(KaFka) (1M )%+ Nl (€ - Ky) (- Ko) (€4 3F ko) + (€ ko) (e-ky)
X (€ 2FKe) [(UM )3+ No[ (€32 Ky (€-ky) (€ ko) + (€1 2-ko) (€ ko) (€5 2Fky) J(LM)°+ Nyg (€5 ky)

X (€-Ky)(€]Fky) + (€52 ko) (€ kl)(e’gasz)](lle)3+ Nqi(€7® ko) (€52 ky)(€eF(ky+ k2))(1/MZ)3}, (23

where M is the mass of th&, 6y, is the Weinberg angle, the leading contributions go a#i;/m)? [11]. Qualitatively,

and theN; are the unitless coefficients. The reader should sethis means that only the lightest of the fermions makes sig-

the Appendix for a detailed explanation of how the coeffi-nificant contributions to the decay rate. It also means that the

cients are defined. Z is many times more likely to decay such that the gluons
At this point we confirm that our amplitude is gauge in- travel perpendicular to the magnetic field rather than parallel.

variant by replacing a polarization vector by its associatedComputation reveals that this factor is

momentum

[N2—Ngl?

S =6X 10,
4|N,|

€ H(ki)—kH, (24) 2x103=
and verifying that the amplitude vanishes. For these purposes
we drop the color indea. The gauge invariance implies six The large range in values is a symptom of the very large
independent relations among the coefficients that reduce tHéncertainty in the current quark masses. If the constituent
number of independent coefficients from eleven to five.quark masses are used, the ratio drops to a factor of 2
These six relations and five coefficients are given explicitlyx 10%.

in Egs.(Al) and (A2) of the Appendix. The decay rate for this process is
What is of real interest, however, is the square of this
amplitude. When the square is taken and evaluated in the aa’M4(B/By)? me |4 ,
center of mass frame of ttg we find that the square of the 7 .gq= 20020 sirPom | My (2|N4]
amplitude depends on only three of our five independent 3X 27w cos fysinow | Mz
tensor coefficients +|Np—Nal?). 27)
e?aa’B?
M 2= s (4|Ny|?co26 Because of the large current quark mass ranges quoted by the
299 256:7M§coszewsin20W ! Particle Data Group7], there is a corresponding large range

in possible values for the decay rate. We choose to use the
+|No—Ng|%sir?6), (259  mean values of these masses for computation. Separate cal-
culations are carried out using the constituent quark masses.
where# is the polar angle as measured from the direction ingjven below are the results of the decay rate for both the

which the magnetic field points. current and constituent mass calculatiphg], respectively:
It is useful to extract from Eq(25) the effective expan-

sion parameter for the magnetic field. That is, it was dis- 5.10<10°7) [ B |2

cussed earlier that the perturbation theory for the magnetic Zﬂggz[ 15] (—) MeV. (28

field is an expansion ifQe|B/m?. Because this is fermion 9.60<10 Bo

dependent, it is useful to pick the lightest fermion and make . .
B/B, the expansion parameter. Recall tBat=m?/e. Mak- The values of the branching ratio of the above decay rate
ing this substitution, Eq(25) becomes ¢ with the total width of theZ in the absence of a magnetic

field are
2pn 12 2 4
aaM35(B/B m,
[Mz_ggl?=——— ;,_( :; (M—e) (4|Ny|2co6 [z .gq [204x107%°) (B2 2
256w cos Osin oy \ Mz T |3.85¢10 18| By - (29
+|N,— Ns|?sirf ). (26)

For comparison purposes it is convenient to contrast the
At this point it is instructive to note that the leading con- results of the two gluon case with the two photon case. The
tributions ofN; go as InM,/m)?, while for bothN, and N, results of the latter decay were determined in a manner com-
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pletely analogous to that which has been outlined in this Ni;=—2N,. (A1f)
paper for the deca¥ —gg. The values of the decay rate for
the procesgZ— yy are Explicitly, the five remaining independent coefficients are
8.33x1078) [ B |2 Qg
| —| MeV. N;= X[ (—128t?+768t;— 102
Z=ry ‘6.63>< 10—8] ( Bo) © (30 ! Z (t;—4)2 L¢ ' ' 2
Notice that the degree to which the two values differ is much +(96t7 —896t; + 2048 A(t;) — (64t — 512
smaller than in the two gluon case. This is because the major 1
contribution to the process is due to the fermion mass being +1024; 1)B(1)], (A23)
that of the electron, which is known very well. The corre- og
sponding values for the branching ratio are N2=E t .EZJ)Z ><[(—8ti3+32ti2—256ti+ 1024
™ (t—
T, ., [334<10° /B2 .
T |266¢10°1| By - 31 — (80t?— 448t + 51 A(t;) + (16t2— 64t — 256
+1024t HB(t)], (A2b)

V. CONCLUSION

i
This paper has demonstrated that the existence of a mag- Ns_E Qig, X[(—(8/3) 3+ (160/3 t2
I I

netic field can stimulate decays that were otherwise forbid- T (t—4)2
den. Schwinger’s powerful proper-time method was used in ) )
conjunction with a first order expansion in the field to deter- —(512/3 t;) + (48t —320t; + 512 A(t;) — (16¢;

mine what corrections exist for the Dirac Green’s function.

These new contributions were analyzed in the specific decays
Z—gg and Z— vy+y. Though the resulting decay rates are o
small, they are nonzero. In addition it was also found that N4=2 Fv ><[(8ti3—64ti2+ 128ti)—(48ti2

—128t,+ 256)B(t;)], (A2¢)

there exists a very large asymmetry as to whether the decay T (t—4)?
products will exit perpendicular or parallel to the magnetic )
field. —384t;+ 768 A(t;) + (16t — 128t;
+256)B(t)], (A2d)
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— (224t2—1920t; + 4096 A(t;) + (32t?— 128t;

APPENDIX — 512+ 2048t 1)B(t;)], (A2¢)

As noted in the body of the paper, the amplitude for the . ) ,
decayZ— gg to first order in an external magnetic fieig. wheret; is defined by the square of the ratio of thenass to

1) is the sum the contributions from the zeroth order ampli-th€ duark mass

tude[Eg. (18)], the first order corrections to each leg of the M-\ 2
charged fermion loopEqg. (19) and the likd, the first order t= (_Z> , (A3)
correction to the phase of the amplitudeg. (22)], and simi- m;
lar corrections for the crossed process which one obtains b, ; _ . .
interchange of the labeld. 2), ¥nd the functiong\(t;) andB(t;) are defined by8]
Evaluation of this amplitude gives the result found in Eq. 1 _
(23). Gauge invariance of this amplitude implies the follow- A(t)=f dx In[1—tx(1—x)—id]
ing six relationships which we confirmed: 0
[ -4 —t
Ng=4N;—4N,—2Ns, (Ala) =2 Tsinh‘l - 1|, for t=<0,
N7:2N2, (Alb) r 4—t t
=2 —sinl\/:—l , for 4=t=0
Ng=2N;—2Nj, (Alc) | t 4
Nio=—2N3, (Ale) ) (A4)
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and

1 In[1—tx(1—x)—id]
B(t)=f0 dx e

2
sinhl\/_—t} for t<0
4 1

2
_ t
=—4{sm‘1\[£—1} , for 4=t=0
2
t
—1 -
cosh \[4
) t
—4|1-rcosh‘1\/;, for t=4.

=4

2

=4 -

(A5)
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Notice that in Eqs(A2) there is a sum over all possible
quarks in the charge loop. For the decay- yy this could
also include the electrorQ; andg,, are the charge and the
associated vector coupling of the fermion, repectively. The

factors of M, present are due to the evaluation of the dot
product between the two gluon momenta

kl' k2: (k1+ k2)2/2
=k?/2
=M2/2, (AB)

wherek is the four-momentum of thé.
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