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Z decay into two massless gauge bosons in a magnetic field

Todd M. Tinsley*
Center for Particle Physics, University of Texas, Austin, Texas 78712

~Received 13 June 2001; published 11 December 2001!

An investigation of the processesZ→gg and Z→gg in a background magnetic field is presented. For
homogeneous fields corrections to the charged fermion propagator can be calculated in leading orders of the
magnetic field. This work examines the first order contributions of the corrected propagator to decays that are
otherwise zero. Results of the decay rates for varying field strengths are included.
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I. INTRODUCTION

The interaction of matter with magnetic fields has lo
been studied for the important consequences it has for
ticle dynamics. Whether it is from the astrophysical implic
tion of a magnetic field on the structure of a neutron star
to the Zeeman shift of energy levels within an atom, t
presence of an external magnetic field can open the doo
interesting effects not previously seen.

The effect of a homogeneous background field on
charged fermion propagator in QED was first studied
Schwinger@1#. Schwinger’s proper-time method provides t
machinery for an exact solution to the altered propaga
Recently, a weak field expansion of this method has b
applied to demonstrate that there exists enhancemen
neutrino-photon interactions that involve charged ferm
loops@2–4#. The goal of this paper is to present what effe
a magnetic field has on the decays of theZ which are other-
wise forbidden.

The Landau-Yang theorem uses Bose symmetry and r
tional invariance arguments to prove that a vector part
cannot decay into two massless vector particles@5,6#. That is,
the decaysZ→gg andZ→gg are not allowed. However we
can employ the field expansion of Schwinger’s method
calculate if and to what degree the magnetic field stimula
the decay.

We expand just to first order in the magnetic fieldB. This
turns out to be a very good approximation considering t
the relevant expansion parameter isuQeuB/m2, wherem is
the mass of the fermion andQe is its charge. For the lightes
of the possible fermions, the electron, the critical field tu
out to be of the orderB05me

2/e'4.43109 T. This field is a
great deal larger than those magnetic fields produced by
dense white dwarfs, and near the neutron star magnetic
intensity. The calculation is complete to first order, but b
cause of this expansion parameter it is shown that the do
nant contributions are from the lightest quarks (u,d) for Z
→gg and from the electron in theZ→gg case.

First we briefly introduce the reader to the methodolo
used in determining the changes in the fermion propaga
Next, the result of that technique is presented. This resu
then applied to the decay mode of theZ involving two glu-

*Electronic address:ttinsley@physics.utexas.edu
0556-2821/2001/65~1!/013008~6!/$20.00 65 0130
r-
-
r

e
to

e
y

r.
n
to

n
s

a-
e

o
s

t

s

ry
ld
-
i-

y
r.
is

ons. The results of this calculation are presented and c
trasted with results from the similar decay into two photo

II. OVERVIEW OF SCHWINGER’S RESULT

Schwinger’s method uses an integration over a prop
time variable to solve for the Green’s function of the inh
mogenous differential equation for a Dirac field in the pre
ence of the electromagnetic gauge fieldAm :

~ i ]”2eQA” 2m!G~x,x8!5d4~x2x8!. ~1!

G(x,x8) is considered the matrix element of an operatorG,
such thatG(x,x8)5^xuGux8&. Therefore Eq.~1! is written as
an operator equation with its indices suppressed:

~P” 2m!G51, ~2!

or

G5
1

P” 2m
5

P” 1m

P” 22m2

52 i E
0

`

ds~P” 1m!exp@ i ~P” 22m2!s#. ~3!

s is the proper-time variable, andPm is a generalized mo-
mentum operator defined by

Pm5pm2eQAm . ~4!

This generalized momentum operator is characterized by
following commutation properties:

@Pm ,xn#5 igmn , ~5a!

@Pm ,Pn#52 ieQFmn , ~5b!

whereFmn is the electromagnetic field-strength tensor.
The quantity exp@iP” 2s# is regarded as an operator th

evolves the system in accordance with the ‘‘Hamiltonia
H52P” 2. That is, the matrix element of the operatorU(s)
5exp@iP” 2s# is the time development function that takes t
statexm(0)5xm8 to the statexm(s)5xm :

^xuU~s!ux8&5^x~s!ux~0!&. ~6!
©2001 The American Physical Society08-1
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TODD M. TINSLEY PHYSICAL REVIEW D 65 013008
This view of the transformation as an evolution of t
state governed by a Hamiltonian parallels the idea that
fermion moves from one space-time location to another i
way that is determined by this Hamiltonian. According
there exist ‘‘equations of motion’’ satisfied by the gener
ized position and momentum operators,

dxm

ds
52 i @xm ,H#52Pm , ~7a!

dPm

ds
52 i @Pm ,H#52QeFmnPn. ~7b!

The relationship in Eq.~7b! only holds whenFmn is a con-
stant. This is precisely the case with which we are concern
For calculation purposes the magnetic field is considere
be constant and directed along thez axis (F1252F215B,
and Fi j 50 for i , j Þ1,2). In addition there are three diffe
ential equations that describe the transformation function

i ]s^x~s!ux~0!&5^x~s!uHux~0!&, ~8a!

~ i ]m1eQAm!^x~s!ux~0!&5^x~s!uPm~s!ux~0!&, ~8b!

~2 i ]m8 1eQAm!^x~s!ux~0!&5^x~s!uPm~0!ux~0!&, ~8c!

and a boundary condition

^x~s!ux~0!&us→05d4~x2x8!. ~9!

Using Eqs.~7!–~9! one can solve for the explicit form o
the Green’s function. For the purposes of this article, o
the result will be given.@10# Choosing a straight line to
connect the space-time pointsx andx8, the Green’s function
is

G~x,x8!5F~x,x8!E d4p

~2p!4
e2 ip(x2x8)G~p!, ~10!

with

F~x,x8!5expF2 ieQE
x8

x

djmAm~j!G , ~11!

and

G~p!52 i E
0

`

dsexpF2 isS m22pi
21

tan~eQBs!

eQBs
p'

2 D G
3FeieQBss3

~m1p” i!

cos~eQBs!
2

p”'

cos2~eQBs!
G . ~12!

The quantitypi
2 indicatesp0

22p3
2 , while p'

2 5p1
21p2

2 . Simi-
larly, p” i5g0p02g3p3 andp”'5g1p11g2p2. By expanding
Eq. ~12! to first order in the magnetic field the integratio
simplifies, and our result is

G~p!'~p”2m!212
ieQ

2
Fab

gagb~p” i1m!

~p22m2!2
. ~13!
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By making use of the fact that the magnetic field is hom
geneous, the result in Eq.~13! was cast into covariant nota
tion.

III. APPLICATION TO Z\gg

At this point the general results from the previous sect
are used to calculate the decay rate of the neutralZ boson
into two gluons. To lowest order in the perturbation theo
there are two Feynman diagrams which contribute to t
process; see Fig. 1. Let us first turn our attention to the l
most contribution of Fig. 1.

The T matrix for the first of our diagrams is written as

TA5(
i

(
a,b

p3/2asAa

cosuWsinuW
tr~lalb!E d4xE d4yE d4z

3tr@gmGi~x,y!gnGi~y,z!gs~gV
i 2gA

i g5!Gi~z,x!#

3em*
a~k1!en*

b~k2!es~k!exp@2 i ~kz2k1x2k2y!#.

~14!

The sum overi indicates the sum over all possible fermio
that contribute to this loop diagram. The sums overa andb
indicate the sums over the possible states of the gluo
However, one of these sums is eliminated by virtue of
trace over the two SU~3! generators tr(lalb)52dab. From
this point the summation over color will be represented
the repeated color indexa. The couplingsgV

i andgA
i are the

vector and axial vector couplings, respectively; both are
pendent on the particular fermion that couples to theZ bo-
son.as is the strong coupling constant evaluated atMZ .

Because there is the combination of the three Gree
functions in Eq.~14!, there exists a product of three phas
of the same form as in Eq.~11!. As indicated previously, the
integration from two space-time points is along a straig
line. A convenient choice of gauge for this integration is o
in which

A~j!5
B

2
~0,z22j2 ,j12z1,0!. ~15!

Generally, the zeroth and third components ofAm can be any
constant, but the above is chosen for its simplicity. With t
choice of gauge found in Eq.~15! the total phase factor o
the diagram is written

FIG. 1. The contributions to the decay of theZ with momentum
k into two gluons with momentak1 andk2.
8-2



e
s

e

er
io
r

ion

p

ar
e

it

to

of
ilar

o
the
in

rst
rts
nti-
ing
ro-
by
ld-
tude
nd
two
ch
cou-
ly
or-
es
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F~x,y!F~y,z!F~z,x!5expF ieQ

2
~z2y!mFmn~z2x!nG

'11
ieQ

2
~z2y!mFmn~z2x!n.

~16!

The fact that the magnetic field is constant and along thz
axis has been exploited. When the first order correction
the Green’s function found in Eqs.~13! and ~16! are substi-
tuted into Eq.~14!, the result is thought of as the sum of fiv
separate contributions:

TA5TA01TApr11TApr21TApr31TAph. ~17!

There is the zeroth order contribution to the diagramTA0
which is completely independent of the magnetic field. Th
is a first order correction to each of the legs of the ferm
loop TApr1, TApr2, andTApr3. And lastly, there is a first orde
correction to the overall phase of the diagramTAph. Because
the invariant amplitude of a given diagramM is defined
through the relationshipT5(2p)4Md4(k2k12k2), it is
straightforward to show that the zeroth order contribut
from the first diagram is

MA05
2p3/2asAa

cosuWsinuW
(

i
(

a
em*

a~k1!en*
a~k2!es~k!

3E d4p

~2p!4
tr@gm~p” 2m!21gn~p”1k” 22m!21

3gs~gV
i 2gA

i g5!~p”2k” 12m!21#. ~18!

For the first order correction to one of the legs of the loo
the contribution to the amplitude is

MApr15
2 ip3/2eFabasAa

cosuWsinuW
(

i
(

a
Qem*

a~k1!en*
a~k2!es~k!

3E d4p

~2p!4
trFgm

gagb~p” 1m!

~p22m2!2
gn~p”1k” 22m!21

3gs~gV
i 2gA

i g5!~p”2k” 12m!21G . ~19!

The corrections to the remaining legs of the fermion loop
similar to Eq.~19!. However, for the contribution due to th
phase it is necessary we recognize that

TAph}~z2y!m~z2x!ne2 ip8(y2z)e2 ip9(z2x)tr@gm~p”2m!21

3gn~p” 82m!21gs~gV
i 2gA

i g5!~p92m!21#, ~20!

where p8 is the momentum carried by the fermion as
moves from pointz to pointy, andp9 is its momentum from
point x to z. The relationship in Eq.~20! is rewritten in terms
of derivatives with respect to the fermion momenta,
01300
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TAph}S ]

]pm8

]

]pn9
e2 ip8(y2z)e2 ip9(z2x)D tr@gm~p”2m!21

3gn~p” 82m!21gs~gV
i 2gA

i g5!~p” 92m!21#. ~21!

By making use of integration by parts and the identity

]

]x
C21~x!52C21~x!

]C~x!

]x
C21~x!,

the first order contribution of the correction to the phase
the amplitude is

MAph5
2 ip3/2eFabasAa

cosuWsinuW
(

i
(

a
Qem*

a~k1!en*
a~k2!es~k!

3E d4p

~2p!4
tr@gm~p”2m!21gn~p”1k” 22m!21

3gb~p”1k” 22m!21gs~gV
i 2gA

i g5!~p”2k” 12m!21

3ga~p”2k” 12m!21#. ~22!

We follow the same procedure for the second diagram
Fig. 1 as we did for the first. The results obtained are sim
to those found in Eqs.~18!, ~19!, and ~22! with only the
labels (1,2) interchanged.

IV. THE DECAY RATE

The sum of the zeroth order contributions from the tw
diagrams vanishes. This is consistent with the fact that
processZ→gg is forbidden by the Landau-Yang theorem
the absence of a magnetic field@5,6#. The use of the charge
conjugation operator simplifies the contributions that are fi
order in the magnetic field. We find that the axial vector pa
of the two diagrams cancel while the vector parts are ide
cal and add. Tracing over the Dirac indices and integrat
over the loop momentum results in an amplitude that is p
portional to forty-four separate tensor structures formed
possible contractions of the polarization vectors, the fie
strength tensor, and the gluon momenta. Since the ampli
is symmetric under interchange of the labels (1,2), we fi
that the tensor structures can be grouped into twenty-
pairs, each pair having its own unitless coefficient whi
depends on the possible fermion masses, charges, and
plings in the charge loop. Limiting the gluons to be on
transversely polarized allows us to drop all terms prop
tional to (e i*

a
•ki). This cuts the number of tensor structur

in half to eleven. Thus, the amplitude is written as
8-3
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MZ→gg5S easAa

32ApMZsinuWcosuW
D $N1~e•~k12k2!!~e1*

aFe2*
a!~1/MZ!1N2@~e1*

a
•e!~e2*

aFk1!1~e2*
a
•e!~e1*

aFk2!#

3~1/MZ!1N3@~e1*
a
•e!~e2*

aFk2!1~e2*
a
•e!~e1*

aFk1!#~1/MZ!1N4~e1*
a
•e2*

a!~eF~k11k2!!~1/MZ!

1N5~e1*
a
•e2*

a!~e•~k12k2!!~k1Fk2!~1/MZ!31N6~e1*
a
•k2!~e2*

a
•k1!~e•~k12k2!!~k1Fk2!~1/MZ!5

1N7@~e1*
a
•e!~e2*

a
•k1!2~e2*

a
•e!~e1*

a
•k2!#~k1Fk2!~1/MZ!31N8@~e2*

a
•k1!~e•k2!~e1*

aFk2!1~e1*
a
•k2!~e•k1!

3~e2*
aFk1!#~1/MZ!31N9@~e2*

a
•k1!~e•k1!~e1*

aFk2!1~e1*
a
•k2!~e•k2!~e2*

aFk1!#~1/MZ!31N10@~e2*
a
•k1!

3~e•k2!~e1*
aFk1!1~e1*

a
•k2!~e•k1!~e2*

aFk2!#~1/MZ!31N11~e1*
a
•k2!~e2*

a
•k1!~eF~k11k2!!~1/MZ!3%, ~23!
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whereMZ is the mass of theZ, uW is the Weinberg angle
and theNi are the unitless coefficients. The reader should
the Appendix for a detailed explanation of how the coe
cients are defined.

At this point we confirm that our amplitude is gauge i
variant by replacing a polarization vector by its associa
momentum

e i*
m~ki !→ki

m , ~24!

and verifying that the amplitude vanishes. For these purpo
we drop the color indexa. The gauge invariance implies si
independent relations among the coefficients that reduce
number of independent coefficients from eleven to fi
These six relations and five coefficients are given explic
in Eqs.~A1! and ~A2! of the Appendix.

What is of real interest, however, is the square of t
amplitude. When the square is taken and evaluated in
center of mass frame of theZ, we find that the square of th
amplitude depends on only three of our five independ
tensor coefficients

uMZ→ggu25
e2aas

2B2

256pMZ
2cos2uWsin2uW

~4uN1u2cos2u

1uN22N3u2sin2u!, ~25!

whereu is the polar angle as measured from the direction
which the magnetic field points.

It is useful to extract from Eq.~25! the effective expan-
sion parameter for the magnetic field. That is, it was d
cussed earlier that the perturbation theory for the magn
field is an expansion inuQeuB/m2. Because this is fermion
dependent, it is useful to pick the lightest fermion and ma
B/B0 the expansion parameter. Recall thatB05me

2/e. Mak-
ing this substitution, Eq.~25! becomes

uMZ→ggu25
aas

2MZ
2~B/B0!2

256p cos2uWsin2uW
S me

MZ
D 4

~4uN1u2cos2u

1uN22N3u2sin2u!. ~26!

At this point it is instructive to note that the leading co
tributions ofN1 go as ln(MZ /m)2, while for bothN2 andN3
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the leading contributions go as (MZ /m)2 @11#. Qualitatively,
this means that only the lightest of the fermions makes s
nificant contributions to the decay rate. It also means that
Z is many times more likely to decay such that the gluo
travel perpendicular to the magnetic field rather than para
Computation reveals that this factor is

231013*
uN22N3u2

4uN1u2
*631010.

The large range in values is a symptom of the very la
uncertainty in the current quark masses. If the constitu
quark masses are used, the ratio drops to a factor o
3104.

The decay rate for this process is

GZ→gg5
aas

2MZ~B/B0!2

33211p2cos2uWsin2uw
S me

MZ
D 4

~2uN1u2

1uN22N3u2!. ~27!

Because of the large current quark mass ranges quoted b
Particle Data Group@7#, there is a corresponding large rang
in possible values for the decay rate. We choose to use
mean values of these masses for computation. Separate
culations are carried out using the constituent quark mas
Given below are the results of the decay rate for both
current and constituent mass calculations@12#, respectively:

GZ→gg5H 5.1031027

9.60310215J S B

B0
D 2

MeV. ~28!

The values of the branching ratio of the above decay r
with the total width of theZ in the absence of a magnet
field are

GZ→gg

G
5H 2.04310210

3.85310218J S B

B0
D 2

. ~29!

For comparison purposes it is convenient to contrast
results of the two gluon case with the two photon case. T
results of the latter decay were determined in a manner c
8-4
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pletely analogous to that which has been outlined in t
paper for the decayZ→gg. The values of the decay rate fo
the processZ→gg are

GZ→gg5H 8.3331028

6.6331028J S B

B0
D 2

MeV. ~30!

Notice that the degree to which the two values differ is mu
smaller than in the two gluon case. This is because the m
contribution to the process is due to the fermion mass be
that of the electron, which is known very well. The corr
sponding values for the branching ratio are

GZ→gg

G
5H 3.34310211

2.66310211J S B

B0
D 2

. ~31!

V. CONCLUSION

This paper has demonstrated that the existence of a m
netic field can stimulate decays that were otherwise forb
den. Schwinger’s powerful proper-time method was used
conjunction with a first order expansion in the field to det
mine what corrections exist for the Dirac Green’s functio
These new contributions were analyzed in the specific dec
Z→gg and Z→gg. Though the resulting decay rates a
small, they are nonzero. In addition it was also found t
there exists a very large asymmetry as to whether the de
products will exit perpendicular or parallel to the magne
field.
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APPENDIX

As noted in the body of the paper, the amplitude for t
decayZ→gg to first order in an external magnetic field~Fig.
1! is the sum the contributions from the zeroth order am
tude @Eq. ~18!#, the first order corrections to each leg of th
charged fermion loop@Eq. ~19! and the like#, the first order
correction to the phase of the amplitude@Eq. ~22!#, and simi-
lar corrections for the crossed process which one obtain
interchange of the labels~1,2!.

Evaluation of this amplitude gives the result found in E
~23!. Gauge invariance of this amplitude implies the follow
ing six relationships which we confirmed:

N654N124N222N5 , ~A1a!

N752N2 , ~A1b!

N852N122N2 , ~A1c!

N9522N1 , ~A1d!

N10522N3 , ~A1e!
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N11522N4 . ~A1f!

Explicitly, the five remaining independent coefficients are

N15(
i

Qigv
i

~ t i24!2
3@~2128t i

21768t i21024!

1~96t i
22896t i12048!A~ t i !2~64t i2512

11024t i
21!B~ t i !#, ~A2a!

N25(
i

Qigv
i

~ t i24!2
3@~28 t i

3132t i
22256t i11024!

2~80t i
22448t i1512!A~ t i !1~16t i

2264t i2256

11024t i
21!B~ t i !#, ~A2b!

N35(
i

Qigv
i

~ t i24!2
3@~2~8/3! t i

31~160/3! t i
2

2~512/3! t i !1~48t i
22320t i1512!A~ t i !2~16t i

2

2128t i1256!B~ t i !#, ~A2c!

N45(
i

Qigv
i

~ t i24!2
3@~8 t i

3264t i
21128t i !2~48t i

2

2384t i1768!A~ t i !1~16t i
22128t i

1256!B~ t i !#, ~A2d!

N55(
i

Qigv
i

~ t i24!2
3@~16t i

3164t i
221024t i12048!

2~224t i
221920t i14096!A~ t i !1~32t i

22128t i

251212048t i
21!B~ t i !#, ~A2e!

wheret i is defined by the square of the ratio of theZ mass to
the quark mass

t i5S MZ

mi
D 2

, ~A3!

and the functionsA(t i) andB(t i) are defined by@8#

A~ t !5E
0

1

dx ln@12tx~12x!2 id#

52FAt24

t
sinh21A2t

4
21G , for t<0,

52FA42t

t
sin21A t

4
21G , for 4>t>0

52FAt24

t S cosh21A t

4
2

ip

2 D 21G , for t>4,

~A4!
8-5
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and

B~ t !5E
0

1

dx
ln@12tx~12x!2 id#

x~12x!

54Fsinh21A2t

4 G2

, for t<0

524Fsin21A t

4G2

, for 4>t>0

54Fcosh21A t

4G2

2p2

24ipcosh21A t

4
, for t>4. ~A5!
01300
Notice that in Eqs.~A2! there is a sum over all possibl
quarks in the charge loop. For the decayZ→gg this could
also include the electron.Qi and gv

i are the charge and th
associated vector coupling of the fermion, repectively. T
factors of MZ present are due to the evaluation of the d
product between the two gluon momenta

k1•k25~k11k2!2/2

5k2/2

5MZ
2/2, ~A6!

wherek is the four-momentum of theZ.
in

are

k
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